We i n troduce a Riccati equation theory for a class of well posed (I/O -stable) discrete time linear systems as presented in [6] .
Introduction
In this paper we study the nondenite critical control problem in discrete time. Our basic object is a general H 1 transfer function whose input, state and output spaces are not assumed to be nite dimensional.
Furthermore, we concentrate upon a xed realization of the transfer function that is not assumed to be either input or output stable. In our setting, we regard the realization we are working with as given, no matter how (topologically) uncomfortable it is.
The realization that we are working with is called the discrete time linear system (DLS) . It is given by the system of dierence equations: The above notions are closely related to the concept of a continuous time stable well-posed linear system by O. Staans in [10] , [11] and G. Weiss in [12] , [13] . For the basic properties of DLS's, see [6] .
In the frequency plane, the action of D is the multiplication by the transfer function of the system. I/O -stability of means that D is bounded; this is the H 1 -condition. I/O-stability implies that range(B) dom(C). For deniteness, we assume that dom(C) = H . Given a cost function J(x 0 ;ũ), we dene the control u crit (x 0 ) to be critical if the Frechet derivative of the cost J(x 0 ;ũ) with respect toũ vanishes atũ crit (x 0 ). The study of certain feedback, factorization and Riccati equation properties of the critical control is the subject of this paper. Our main result is Theorem 6.
The theory of critical controls has connections to control theory (classical quadratic cost minimization theory when J is positive), function theory (via the representation of transfer functions and inner-outer factorizations; see [9] ) and minimax game theory.
The lack of assumed nite-dimensionality means that (A) could very well be a substantial (connected) subset of C, or subset of the closed unit disk D intersecting the boundary @D. In general, this stops us from using tools such as matrix algebra or spectral projections. To ll this gap, we resort to certain spectral factorizations whose existence would sometimes be implied by, for example, nite dimensionality or power stability of the system. In this paper we shall concentrate upon equivalence results that are dimension independent, and not upon any particular existence results implied by nite-dimensionality.
2 Critical control 
is called the indicator DLS P (associated to J and ) of the sesquilinear form P(; ), where the bounded linear operators Q P , P are a in Denition 4. For nite dimensional, power stable partial analogues of equivalence (ii) , (iii), see e.g. [4] , [7] and [8] . For the equivalence (i) , (ii), see also [2] . For innite dimensional, power stable and time-variant analogue of Theorem 6, see [1, Theorems 3.2.8 and 3.2.10]. See also [3] . 7 
Conclusions
In this section we briey look at the connections to the existing power stable and nite dimensional theories. Let us look at the implications of condition (iii) in Theorem 6 with this stronger stability assumption. The procedure of nding a power stabilizing solution is a central task in the matrix Riccati equation theory (see [8] ). Under weak conditions, one can constructively prove the existence of a maximal self adjoint solution P + satisfying P + P for all other self adjoint solutions of the Riccati equation. P + is in fact an \almost power stabilizing" solution in the sense that (A + B 
